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ABSTRACT

In this vorlk a new developed dimensienless f(inite difference
technique for Z-D transient heal conducticon is develcoped and
presented. The technique is then applied Vo predict the time
development of temperature oprofiles ian a <convectively cocled
rectangular fin. In addition, a sorrected analytical faorm  that
reduces the Z2~D problem te a {-D cnhe is develaoped. Pesulits prove
that the npumerica)l technique is simple and fast, wvlhile the 1-D
reduced analytical sclution is valid aenly far early time, small
12iot number, and thin fins.

INTRODUCT 1ON

An extended surface 1s a salid that evperiences enerqy transier by
conducticn within its boundarses, as well as enevagy transfer by
coawvection {and/or radiationy between sts  boundaries and  the
surroundinas. Although theve are many different situaticns that
involve combined condu-ction-convection effects, the mast frequent
applicatian 15 one in which an extended surface is used
specifically to enhance the heat transf{er rate between a sxlid and
an adjoining fluid  (fins). The applicatians of such gxtended
gur (aces is a a<ommon practice inm the fielde «of thermal and
electronic enginearing.

The steady state temperature pvafiles of fims with different
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gecmetries and different boundary conditicons has been studied by
many investigaters. Analytical solutions for some steady state
cages are reported in C1,23. The heat canduction problem in  a
semi-infinite region vith tomper ature-dependent material
properties has been dealt with in [33.

Transient heat conduction for scme symple geomelries and initial
and boundary conditicons has been investigated in [1-43. There has
been relatively little research on %transient conduction in a 2-D
fin, which is convectively «caled and its base is subjected to a
sudden step temperature change. The analytical solution of this
problem with simpler boundary conditicons is given in £11. This
salution is very tedioug and samplicated. As reported in (41, an
analytical sclution of the censidered problem has been obtained by
Chu @t al.,1982. The abtained scluticon is very Ltedicus and
converges very slcowly. Yi-Hsu et al.(4) developed an analytical
method thal reduzes the prablem «of Lransient heal ceonduction n a
2-D rectangular fin btc that «f a {-0 problem -Fig.1. According to
their solubtion procedure the f(alloving inaccurate scolution was
abtained for a rectangualar §im whose thickness s much  simaller
than its length, i.e £ << 1

T N = 8 N _
T(%,L) —zm{eﬂp( )\,EJ':)
J=1
+ D 1 — exp(-Aa_ .ty sin (N v ) 1)
N 3 25

2J

L
where T = f T(x,y,t2dy is the average dimensionless temperature
0
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(a’ Schematic-diagram (b) Mesh desian
Fiog. 1 Twn-dimensiconal rectangular fin
This worlk is motivated by the inaccuracy noticed in the

temperature profile described by £g.(31) in the sclution presented
in [4]. The temperature profile is reproduced in Eqg- (1) for
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canvenience. A caref
zorrecbed

form which

ul review of the the analysis resulted
is presented later §in this worlk. 7Te

the corvmctlong a flndte difference achome (s develaoned (v the
aame prohlaem. Botbth analysls and numeric qolutlaonm are coopayed {or
the steady state heat conductlion as well as Lhe transient case.
FPROBLEM FORMULATION AND SOLUTIDN
The specified problem iz the trangient heat copducticon in a 2-D
rectangular {inm shown in  Fig.1l. The following assumpbtions are
applied: .
J- constant thermophysical material properties
2- constant convective heat transfer ccefficient
3- the tip surface of the fin 1s adiabatic
4- bo internal heat generation
The heat c¢conduction equation for the fin is then given by
ar* 857 PEE .
pi— =k = ~ K + = (2>
at av = ay ~
and the boundary conditions are:
*
- I ] Lot
8y y =0 y =0
-k aT* ] . =N | « " T: )
8y y =b y =b
ot¥sex* | . =0
v =L
* *
L = T 4c))
x*=0 ©
The initial condition is:
* *
T = T ¢4
L'*:lil &
Defining the following dimensicniess quantities:
N ) T T ™
v = - Ia] kot
% =%/L, y=y /b, €£=b/L, T=_— ", t = ——— = Fo
0 * o c L
T - T
® o
equations (2) and (3) <can be transfarmed into the (cllowing
dimension)lese {arm:
o1 0T 1 65T - -
- = ~ = = l._’_
ot av 2 £ 0y2
The boundary conditions are:
gt
- = = H (1 - T] Y= £ BMi (1 - T ) (6a)
Sy ‘y=0 y=0Q y:0
a7
- — = H (T| - 13 = & BRi (T| - 1 (L
9y -“y=1 y=1 y=1
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T/ 3x | = 0 ‘ (Ec)
x=1
T‘ =2 0D 6d)
v=0
fThe initial condition {s:
t=0

Sclution of Eq.S is obtained using twe different techniques:

I- an approximate (-0 analysis similar to that presented in [4)]
and described by the inaccurate temperature profile given by
Eq. (1),

2- the finite difference numerical technique as described
below.

In the finmite difference technique, the realen of interest Is
descretized to M and N nodsl points in the x and y . directicns
-Fig.1b. Equation (5) is them applied to each ncdal point and the
dimensionléss temperature of the nodal point 1,j is wbtalned in
the following form

t+Ab _ t t € t t
Tis S0 Th,ger Y3200 e T aTiog, 5 2 Tiey, 5 T AT
Q)
) *
vhere the time interval At = AFc = £—£§~

p:L:
The coefficients Ay, 85, 85,8, and A which satisfy the boundary
c¢ndibions (6) are listed {rf the table below, wvhere

A = bOFc Hz, Ik = AFo (N/s)z, and © = 2(N/g) AFoBRi

)

Node . ay 32 3, Ay aS

Interior A A B E

Row 1=1 A A c R

Row I=N A A 2b c

Caolumn J=f{ 2ZA A E &

Column J=M 2A 0.0 B [EY 1. = ay T oAy T Ay T o2y,
Corner {,1 24 A c 2R

Corner },M 2A 0.0 C <B

Corner N, 1 ZA A 2B C

Corner N\M 2A 0.0 2B C

The obtained set of algebdbraic equalions are then solved using the
simple explicit scheme (23. Applyina the boundary conditian of
Eq.6b, one (inds that the soluticon (s stable if the following
condition is satisfied :
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{

ZINT + Ri(M/e) + (M/e) 73
In arder to examine the validity of both solutiaons, the steady
atabte 2=-D analybkical sclution (or the congidared case iga  der{verd
and presented in the appendix. Fallaowing the used onotations, the
dimensionless steady-state solubkion 18 then given by :

At = Ao =

@ 20 /e ag, (-x)/e
1-T = EI: e [ 1 + e ] cos({ y) 9
r n
n={
2 sin (

where C =.[ - : ]. i -
n (n 4+ s1n (n C0s {n 4Lnfs
(1 + e >

and the eirgenvalues of (n are given by

(n tan [n = hb/k = 8i.e/Z

RESULTS AND DI1SCUSSIDN

From the dimensionless Eg.8 it rcan be seen that the proposed
Tinlte difference technique is simple and very fast even {for large
time t.

Figure 2 illustrates the steady state temperature praofiles as
obtalned from bath bthe analytical steady-state solubtion (Eg.9) and
the numerical sclution (Eg.8) at a large time, t 2 (. Both
profiles agree closely far  any Biobt number, which proves the
validity of the numerical soluticn. Figure 3 shows the effeck  cof
Bliob number on the temperatuwe profile (or steady-state candition.
The time development of temperature prafiles as cbtained from the
numerical solution (Eq.81 are plotbed on Fig.d. These results
agree very aqood with thoge supposed to be cbtained by Yi-Hsu et
al. using Eq.! for the s3me condiltions— Fig S. The effect of Hial
number on the transient temperature profile at time 0.01 is
plotted on Fig.6 as abtained numerically using Eq.d. The numerical
solution shows some difference between the center and surface
temperature profiles for Bi > § as illustrated on Fig.7.

Eg.1 is tested in this work. Unfortunately this solugion in  the
presented f(orm fails to give any of the presenbed results neither
here nov in the concerned work of Yi-Hsu et al.[41. Fellaowina the
same procedure used in {41 an attemnpt is made to coarrect Ea.l. The
corrected version of Eq.i is then obbtained in the form :

a0
Y- _ 4 o - -
‘(A,t) = zm{ei?( KJ.L)
J=1

- E— t — exp(=-X .t sin (. x%) (@
A ) J
J
where wj = ..(..2;).__‘.:1_)_”' and X)_ = _‘#“”_ - D

Figures 8 and 9 illustrate a compariscn bebween the abtained
temperature profiles for Bi=0.}1 and Bi=Zas cbhbtained from numerical
solution (Eq.B8) and the corrected 1-D analytical sclution (Eq.i10).
Figure 8 indicates that both scluticns agree only  for time t =
.01 , while there is some deviation for § = 0,0 1 f Bi = O0.1. For
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time Bi = 2.0 both scoluticns completely disagree even i t = 0.1
as shown in Fig.9. This last cbservation may be justified by the
fact that the assumptien used in [4]) ta reduce the dimensionality

of the problem lacks to represent the actual temperature variation
as Eime proaresses.

CONCLUSIONS

From the above discussion (¢t chn be deduced that the proposed
simple dimensiconless fin{te difference technique correclbly
predicts the Eime development of temperature proafiles {for

transient <condutticon {n a 2-D rectanoular fin. In addition &
corrected form Ts chtajined by whieh the Z-D prablem is reduced &o
{-D one. This fprm is valid e¢nly for small +tima, small PRiot
number, and for a thin rectangular fin.

In a subseguent paper the autherb'present a complete analytizal
solution for the transiedt heaf cenduction in a 2-D vrectangutltar
fin. ]
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NOMENCLATURE
Greek symbols

b fin thickness
< . gpecific heat e = b/L

Ih convective heabt transfer cpeflicient o denslty

I thermal conduckivity A efgenvalue
L, fin length U elgenvalue

t real time

L, dimensionless time
T temperature
T dimensiconless temperature Dimensicnless groups
¥
T03 ambient temperature

> .
Tc temperature at the fin base Bi  Hiat number
X
% lengi tudinal  rcoeordinate = hl/k
. . *
% dimensionless x Fio Fourier number
* . ) * 2.
Lransverse directicn | = k ¢ /(ch‘)

. . tR
dimensionless y 81,
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APPENDIX

Solution ol

2-D steady-state heat

(MEJ) Vol1.16,No.2,December

conducticon in

The origainal heal <onduction equatizsn is given by

8% { Fe
+

_——-_T=()

~ ~

” % ax~< er” dy
T - T
vhere 6 = — -% y and ¢’= b'/L
L
o 0
y 4
h, O
o Blx,y) by’
60=1
[l R TRORIORDIIRTDRINPNS SRPT e
¥
b!
h, ©

I

S

Referring to the above fiogure the boundary conditinns
981, v aG (v, O B
8(0,y) =1 = 90, 3;_—JJL_ = 0, o ' = 0,
0@ (x», 1> _ hib?
3y = (¥, 1D
Let @ = Yly). X(x)
Substitubing in Eqgq.l and separating the variavles, we
2 > -
7Y Cy) . c'L)\QY =0
2
dy
. avy(oy _ . N _dy(1y _ hb?
with ay ¢, and ay B
and w )\‘X = 0
dx <
. . L dX (1) .\
witlh Xy =0, and — =
d«
Solution of EQ.3 is agiven Ly:
Y(y) = Cn ¢“Cy)

where

¢n(y) = cos (c’x”y)

reclonoul ar

are:

and

YL

1991

t. 9%

fin

(i

47

(3

and the eipenvaltues of xn are positive roots of the transcendental

equaliaon L tan (n =

n

hd!'

VA
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wherao [ =<7 )
n n
Solution of Eg.4 i5 then given by:
“ =\
X¢2) = A e Vs ue O

Applying the corresponding boundary conditions, Eq.6 becomes
N u ERH —xnx

X{x) = A (e "+ e e )
Substituting Ens.S and 7 into Cq.2, we get
®
. AR 2N =N,
elx,y) = z a (e + g e ) Cos (ny
n= |
whera a, = C” A. from Eg.8, we abLtain
® 22,
eo = | = z a i+ e ) coscny
n=j

Using the preoperty 'of orthogonality (11, the ccefliclents
be salculated by the eypression:

z sin(n

. 1
n Cn o+ sin(’n cos(n an

)
n

(G

72>

(§=3)

9)

(I'IE\y

C10)




